Strengthening the magnetic response of matter at optical frequencies is of fundamental interest, as it provides additional information in spectroscopy, as well as alternative mechanisms to manipulate light at the nanoscale. Here, we demonstrate theoretically that epsilon-near-zero (ENZ) media can enhance the magnetic field concentration capabilities of dielectric resonators. We demonstrate that the magnetic field enhancement factor is unbounded in theory, and it diverges as the size of the ENZ host increases. In practice, the maximal enhancement factor is limited by dissipation losses in the host, and it is found via numerical simulations that ENZ hosts with moderate losses can enhance the performance of a circular dielectric rod resonator by around one order of magnitude. The physical mechanism behind this process is the strongly inhomogeneous magnetic field distributions induced by ENZ media in neighbouring dielectrics. We show that this is an intrinsic property of ENZ media, and that the occurrence of resonant enhancement is independent of the shape of the host. These results might find applications in spectroscopy, in sensing, in light emission and, in general, in investigating light-matter interactions beyond electric dipole transitions.
Introduction
Research on the magnetic response of matter at optical frequencies is of fundamental importance, as it provides additional pathways in the control and manipulation of light [1] [2] [3] [4] [5] [6] , as well as information inaccessible with conventional spectroscopy techniques [7] [8] [9] [10] . However, the absence of magnetic charge breaks the symmetry between electric and magnetic fields in Maxwell's equations [11] , and electric fields often play a predominant role in the response of matter at optical frequencies [12] . Among other aspects, the lack of magnetic charge hinders the possibility of concentrating the magnetic field in a localized hotspot. For instance, it is clear from ∇ · E = ε −1 0 ρ that the accumulation of electric charge results in a strong electric field flux. In this manner, if an object is illuminated by an external field, enhanced electric field concentrations are typically observed at its corners, as electric charges accumulate there while being pushed (or locally induced) by the electric field [11] . In addition, combining a large object with small features facilitates a simultaneous strong coupling to external fields and a large localized field concentration, being the fundamental principle behind the field of nanoantennas [13] .
By contrast, the absence of magnetic charge imposes ∇ · B = 0 and the same strategy cannot be analogously adopted to enhance the magnetic field. Therefore, the most popular strategy to enhance the magnetic field is to exploit Faraday's law, ∂A E · dl = iω A B · dA, from which it is clear that a large electric field circulation results in a proportionally strong magnetic flux [11] . Following this principle, researchers have aggressively pursued an enhancement of the effective magnetic response of matter with related techniques based on azimuthally polarized laser beams [14] [15] [16] [17] [18] , classical loop antennas [19] [20] [21] , split-ring resonators [22] [23] [24] [25] [26] , high-permittivity nanoparticles [27] [28] [29] [30] [31] [32] [33] [34] [35] and nanoparticle clusters [36] [37] [38] [39] [40] [41] [42] [43] .
All the aforementioned techniques ultimately rely on creating a strong electric field circulation. However, in order to concentrate the magnetic field in a localized hotspot, one should ideally create not only a strong field circulation, but also a large magnetic field inhomogeneity, such that the magnetic flux is focused into the desired spot. If not, increasing the size of the body will not result in an enhanced magnetic field concentration, i.e. electric field circulation increases just as does the area in which the magnetic flux is excited. This is unfortunately the case for most plasmonic loops and rings, as well as cylindrical dielectric resonators. Consider, for example, a two-dimensional infinitely long dielectric rod of relative permittivity ε p and relative permeability μ p = 1. At the zeroth-order (n = 0) resonance for transverse magnetic (TM) field polarization (i.e. at its azimuthally symmetric magnetic resonance), a strong magnetic flux is excited at the centre of the rod. However, we will show that the magnetic field magnitude enhancement factor stabilizes
p for large radii. Therefore, efficiently coupling to an external field with a large object and simultaneously concentrating the magnetic field in a hotspot is not a task as trivial as it is in the case of electric field concentration. In principle, it could be in theory possible to obtain better enhancements with a sophisticated design of the geometry of the dielectric body, carried out, for example, by following an optimization procedure.
We propose an alternative route to magnetic field concentration based on immersing the dielectric resonator in epsilon-near-zero (ENZ) media, i.e. either a metamaterial construct or a continuous medium whose effective relative permittivity approaches zero [1, [44] [45] [46] [47] . Previous works have investigated the response of an ENZ medium, in particular, when it is filled with dielectric particles, including its transmission [48] [49] [50] [51] , field concentration [52] , emission [53] [54] [55] and trapping [56] [57] [58] properties. Here, we systematically investigate the magnetic field concentration capabilities of such a structure, providing physical insight into this process, a quantitative estimation of the enhancement in both ideal and practical cases, and a discussion on its geometry-invariant properties. In particular, we show that an ENZ medium allows for largely inhomogeneous magnetic field distributions that enable manipulating Faraday's law in unconventional manners, and in doing so boosting the magnetic field concentration. Specifically, we will demonstrate theoretically that it is possible to obtain magnetic field enhancement factors limited only by dissipation losses in the host. In other words, the enhancement factor is unbounded in the ENZ limit ε h → 0, while hosts with moderate losses (ε h ∼ i0.01, i0.03) can enhance the concentration of the magnetic field by one order of magnitude with respect to the bare rod. In addition, and following previous results on geometry-invariant properties of ENZ media [ it is not fundamentally linked to the shape of the ENZ host. Therefore, the proposed technique can be applied quite independently of the geometry of the ENZ host, and it can be adapted to augment different dielectric resonators.
Magnetic field enhancement in a dielectric rod
As a case study to guide our results in ENZ media, we start by investigating the magnetic field concentration in a simple dielectric rod. In particular, we consider an (infinitely long) circular non-magnetic dielectric cylinder characterized by radius r p , relative permittivity ε p and relative permeability μ p = 1, illuminated under normal incidence by a plane wave with out-of-plane magnetic field polarization ( figure 1a ). This is a canonical electromagnetic scattering problem, whose analytical solution can be written in terms of cylindrical harmonics [60] . It can be readily checked that only the zeroth-order harmonic contributes to the magnetic field at the centre of the rod, and that the magnetic field magnitude enhancement factor at such a position can be written as follows:
where J 0 (x) and H 0 (x) are the cylindrical Bessel and Hankel functions of the first kind and order zero, while η 0 , η p and k 0 , k p are the intrinsic medium impedances and propagation constants, for free space and within the rod, respectively. At the zeroth-order (n = 0) resonance for TM field polarization (i.e. at the azimuthally symmetric magnetic resonance), a strong magnetic flux is excited within the rod, with a maximum of magnetic field located at the centre of the rod. This effect is illustrated in figure 1 , which depicts magnetic field magnitude enhancement factor, ξ H , as a function of the rod radius, for a cylinder of relative permittivity ε p = 9. As expected, peaks of ξ H are periodically observed, corresponding to resonant enhancements, with the global maximum being ξ H ≈ 6. For large radii, we can take large-argument approximations on the Bessel and Hankel functions, and the magnetic field enhancement factor asymptotically converges to It is clear from the above equation that for large radii the resonances take place at r p /λ 0 =
(1/ √ ε p )(n(1/2) − 1/8) and the peak value of ξ H converges to ε 3/4 p . This asymptotic limit is indeed consistent with the numerical results shown in figure 1b, since the peak values quickly approximate to ε 3/4 p ≈ 5.2, indicated with a dashed black line. As anticipated, it can be concluded that, although the electric field circulation at resonance monotonically increases with the rod
, an additional mechanism inducing magnetic field inhomogeneities in the resonator would be required in order to transfer this strong field circulation into the formation of a localized magnetic field hotspot.
Dielectric rod immersed in epsilon-near-zero media
At first sight, one might be tempted to conclude that only the permittivity contrast with the background matters, and, hence, a dielectric rod of permittivity ε p immersed in a host of permittivity ε h should effectively behave as a rod of permittivity ε p /ε h in the free-space background. In principle, this could potentially give access to increasingly large magnetic field enhancement values in the ENZ limit: ε h → 0. Moreover, this mechanism should work not only for the zeroth-order resonance of a dielectric rod, but also for any dielectric resonator. This intuition is partially correct. The electromagnetic scattering problem is scalable with respect to the background permittivity [60] , and the magnetic field at the centre of the rod asymptotically diverges at resonance in the ENZ limit. An alternative physical explanation of this effect is that ENZ media (and any other zero-index media) may under certain conditions suppress radiation losses [55] . The same principle applies to the radiation of the scattered field by the polarization currents, being the main dampening mechanism in the response of dielectric scatterers. Thus, the enhancement on the magnetic field might be only and ultimately limited by dissipation losses on the host. However, one could still expect an enhancement of one or two orders of magnitude even for continuous media exhibiting an ENZ response with moderate losses (e.g. ε h ∼ i0.03 for silicon carbide (SiC) in the thermal infrared λ 0 ∼ 10.33 µm [61, 62] ).
A caveat on this reasoning is that it makes use of an unbounded ENZ medium, and any practical scenario must include a finite-size ENZ host. The effects induced by the finite size of the ENZ environment must be carefully taken into account, and, bearing in mind that an ENZ medium is strongly mismatched from free space, η ENZ = η 0 / √ ε h η 0 , this might be a crucial aspect. What is more, the power density carried by an incident plane wave (per unit of magnetic field), P inc = (η ENZ /2) |H inc z | 2 , also diverges in the ENZ limit. Therefore, the excitation of fields within the ENZ host must be carefully addressed.
In order to elucidate the impact of the ENZ host finiteness, as well as the potential of magnetic field concentration in dielectric resonators embedded in ENZ bodies, we consider the following scenario: the previous two-dimensional dielectric cylinder resonator is covered by an arbitrarily shaped two-dimensional host of cross-sectional area A ENZ , such that the total cross-sectional area of the two-dimensional body is A = A ENZ + π r 2 p . Again, the system is illuminated by a plane wave with out-of-plane polarized magnetic field. In this case, the magnetic field magnitude enhancement factor ξ H can be written as follows:
where V PMC is the electric field circulation that would be excited if the ENZ body was substituted by a perfect magnetic conductor, and Z S is a surface impedance term, describing the change in the electric field circulation on the body per unit of magnetic field excited in the ENZ host. Equation (3.1) suggests that ξ H is maximized at the resonance of the whole ENZ host plus dielectric rod body, i.e. at the solution of the following characteristic equation: 
aforementioned dielectric rod. In this case, we can simply write V PMC = 2L y η 0 H inc z , which, as expected, monotonically increases with the size of the unit cell. Similarly, Z S = η 0 L y , i.e. a purely resistive term, and hence the global resonance takes place at the solution of the following simplified characteristic equation:
At resonance, the magnetic field magnitude enhancement factor at the centre of the rod reduces to ξ H = 1/J 0 (k p r p ). It is also clear from the characteristic equation that, the larger the area of the host (A ENZ → ∞), the closer the resonant radius is to the zero of the Bessel function, i.e. J 0 (k p r p ) = 0 (which corresponds to the resonance of the rod immersed in an unbounded ENZ host). Therefore, in theory, arbitrarily large enhancements are possible as the size of the ENZ host increases. In practice, ξ H will be ultimately limited by dissipation losses on the ENZ host.
We numerically validate these results with the use of a full-wave electromagnetic solver. In particular, figure 2b depicts ξ H as a function of the rod radius (for ε p = 9) for an ENZ periodic slab with unit-cell dimensions L x = λ 0 , L y = 2λ 0 , and for three different amounts of loss in the host, characterized by relative permittivity ε h = i0 (lossless), ε h = i0.01 and ε h = i0.03. It is evident from the figure that the magnetic field is consistently enhanced at the resonant radius r p = 0.1284λ p , marked with a vertical line, corresponding to the solution to the characteristic equation (3.2). The ξ H peak values are equal to 89.3 (ε h = i0, lossless), 58.8 (ε h = i0.01) and 34.58 (ε h = i0.03). We note that all cases represent a clear improvement with respect to the global maximum ξ H ≈ 6 of the bare dielectric rod, thus demonstrating that an ENZ host can substantially increase the magnetic field concentration within a dielectric resonator, even in the presence of moderate losses.
Additional insight on this process can be obtained by inspecting the field distribution excited in the structure. To this end, figure 2c depicts snapshots of the magnetic field, H z , for the three different amounts of loss and at the radii values corresponding to the peaks of ξ H . The figures reveal that the magnetic field is approximately constant within the ENZ host (due to an effective wavelength enlargement λ h = λ 0 / √ ε h ), while it is strongly concentrated in the dielectric rod. In addition, it is clear from the figure that the incident wave tunnels through the slab (with high transmission and near-zero phase advance), a clear indication that the body indeed behaves as an epsilon-and-mu-near-zero (EMNZ) body [63] . At this point, the magnetic field within the body distribution must be extremely inhomogeneous, since globally A B · dA = 0 as μ eff → 0. Thus, the magnetic flux in the rod must compensate the flux in the entire ENZ body [48, 63] . This extreme magnetic field inhomogeneity induced by the ENZ host is the primary mechanism in enabling a large magnetic field concentration. Figure 2d represents the peak ξ H value as a function of the unit-cell side L y . The numerical results ratify that, in the lossless case, the magnetic field concentration monotonically increases along with the size of the ENZ host. Therefore, we conclude that ENZ hosts are capable of concentrating the magnetic field in a hotspot and at the same time take advantage of increasing the size of the body. Thus, in theory, arbitrarily large values could be obtained. Naturally, this process is ultimately damped because of dissipation losses. In this manner, the ξ H peak values observed for a lossy ENZ host saturate at a given unit-cell size. The maximal values obtained in this configuration are approximately 70 for ε h = i0.01 and 39 for ε h = i0.03, suggesting that the performance of a circular dielectric resonator could be potentially enhanced by one order of magnitude even with moderate losses.
In order to illustrate this point further, and moving closer to a future practical implementation, next we investigate the spectral response of the system when the ENZ host is considered as SiC [61, 62, 64] . As shown in figure 3a, SiC is a polar dielectric whose permittivity is characterized by a Lorentzian dispersion, with its value at the longitudinal optical phonon frequency (λ p ∼ 10.3 µm) being approximately equal to ε h (ω p ) ≈ i0.03 [61, 62] . Figure 3a also depicts the spectrum of magnetic field enhancement factor for the configuration described in figure 2a , with parameter values: L x = λ 0 , L y = 2λ 0 , ε p = 9, r p = 0.1284λ 0 . As expected, the spectrum of ξ H is characterized by a clear resonant peak centred at the ENZ frequency. A secondary resonant peak appears for ε h ∼ 0.25, which can be ascribed to the coupling of the rod response to a Fabry-Perot resonance of the slab. In practice, the magnetic field magnitude enhancement factor will be further limited by additional non-idealities in the system. In general, any dissipation mechanism would damp the resonant process, reducing its quality factor, broadening its linewidh, and thus reducing the magnetic field magnitude enhancement factor. This effect is illustrated in figure 3b, which depicts ξ H , in a similar configuration as in figure 3a , but for different amounts of loss in the dielectric rod: ε p = 9, ε p = 9 + i0.001, ε p = 9 + i0.01 and ε p = 9 + i0.1. It can be concluded that, for this configuration, reasonably high magnetic field enhancements could still be obtained even with the use of lossy dielectric rods.
Geometry-invariant magnetic field enhancement
One of the unique characteristics of ENZ media (and other structures with near-zero constitutive parameters) is the existence of observables being independent of the geometry and shape of the ENZ region [47, 59] . This unusual behaviour originates from the decoupling of spatial and temporal field variations [44, 46] resulting in measurable quantities, such as tunnelling [63] or resonance frequency [59] , being invariant with respect to geometrical deformations of the ENZ host. Since the above-studied magnetic field enhancement is in essence a resonant effect, one could expect it to exhibit similar geometry-invariant properties.
To investigate this point, let us consider, for example, a finite-size two-dimensional ENZ host consisting of a cross section of a circular shell of external radius r h (figure 4a) immersed in an open vacuum space, and illuminated by a plane wave with out-of-plane polarized magnetic field. In this case, we can write in closed form V PMC = −4η 0 H inc z /k 0 H 0 (k 0 r h ) and Z S = −i(2π r h )η 0 H 0 (k 0 r h )/H 0 (k 0 r h ), where H 0 (−) is the Hankel function of the first kind and order zero. Interestingly, for a large host (k 0 r h 1) we get the asymptotic limit Z S → (2π r h )η 0 . In general, it is not possible to find a closed-form solution for Z S for an arbitrarily shaped ENZ host. However, we expect it to be primarily resistive for objects whose size is comparable to the wavelength and whose contour ∂A does not present deeply subwavelength features. An intuitive physical explanation of this effect is the following: if the curvature of the contour of the object is smooth, then the internal magnetic field, with its constant phase distribution, directly couples with outgoing propagating waves without the excitation of strong reactive fields around the object. Under the assumption of Im{Z S } ≈ 0, the characteristic equation (3.2) reduces to A ENZ + (2π r p /k p ) J 1 (k p r p )/J 0 (k p r p ) = 0, where it is clear that only the overall area of the ENZ host, and not its specific shape or the position of the rod within it, appear. Therefore, the resonant radius is approximately independent of the shape of the ENZ host.
We validate this property with the use of a full-wave numerical solver. (The numerical calculations were all performed in 2016 using COMSOL Multiphysics 5.0.) To this end, we compute the magnetic field enhancement for the four different two-dimensional ENZ hosts (but with the same overall cross-sectional area, A = A ENZ + A p = λ 2 0 ) depicted in figure 4a. The associated magnetic field magnitude enhancement factors ξ H as a function of the rod radius are depicted in figure 4b . The numerical simulations reveal a clear resonant and geometry-invariant magnetic field concentration. The observed residual shifts, produced by changes in the value of Z S , are in all cases much smaller than the width of the resonant enhancement. In other words, a peak of ξ H is consistently observed at the same rod radius independently of the shape of the ENZ host. However, other aspects of the response of the system, such as the peak enhancement factor value, or the linewidth of the resonance, are not independent of the geometry of the external boundary. The existence of resonant magnetic field concentration, independently of the shape of the ENZ host, is a good example of the geometry-invariant characteristics of ENZ media.
Snapshots of the magnetic field distributions obtained for the resonant radii are reported in figure 4c. As expected, the induced magnetic field is characterized by a strongly inhomogeneous distribution: the magnetic field is almost constant within the ENZ host, due to wavelength enlargement, while an enhanced flux of magnetic field is excited within the dielectric rod. For the sake of completeness, the numerical predictions of the magnetic field magnitude enhancement factors for a lossy ENZ host characterized by relative permittivity ε h = i0.01 and ε h = i0.03 are reported in figure 5 . Although the peak values of ξ H are reduced as the imaginary part of the permittivity increases, it can be concluded from the figure that the effect of resonant and geometry-invariant magnetic field enhancement is preserved even in the presence of moderate losses. Moreover, we remark that the geometry of these 'arbitrarily shaped' bodies was not optimized to obtain a large magnetic field enhancement factor. Quite on the contrary, the shapes were selected to illustrate the high degree of arbitrariness allowed for the geometry of the ENZ host while still preserving the occurrence of the resonant effect. This includes shapes with relatively rough boundaries, which are likely to minimize the field excited within the body. Despite this fact, it is worth noting that the predicted magnetic field peak enhancements are in all studied cases larger than the global maxima for the bare dielectric rod. This result supports the concept of magnetic field enhancement being an intrinsic property of dielectric resonators immersed in ENZ media. 
Conclusion
We have theoretically and numerically demonstrated that ENZ media can be used to induce strong magnetic field inhomogeneities in neighbouring dielectrics, and, in turn, generate strong magnetic field concentrations. In fact, the magnetic field magnitude enhancement factor is in theory unbounded, and it is thus in principle possible to obtain arbitrarily large enhancement factors as the size of the ENZ body increases. Naturally, this process is limited in practice by the presence of dissipation losses. However, numerical simulations reveal that the magnetic field enhancement at the zeroth-order (n = 0) resonance of a circular dielectric rod can be increased by one order of magnitude with moderate losses (ε h = i0.01 -i0.03). We emphasize that, although the zeroth-order (n = 0) resonance of a dielectric rod has been taken as a case study, the mechanism presented here is completely general, and the performance of many other dielectric resonators may be enhanced when immersed in an ENZ host. This might include, for example, dielectric rods with different cross-sectional shapes, multilayered rods and higher-order modes [65] . Indeed, the generation of large field inhomogeneities is an intrinsic property of ENZ media, associated with an effective enlargement of the wavelength. Moreover, the occurrence of this resonant enhancement is independent of the shape of the ENZ host. We expect that this result might provide an alternative strategy to enhance the magnetic response of matter at optical frequencies, with potential applications in spectroscopy, and, in general, in the interaction of light with quantum emitters beyond electric dipole transitions.
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